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Abstract
Suppose that (Mm,Φ) is a smooth (Z2)k action on a closed smooth m-dimensional manifold
whose fixed point set is a connected n-dimensional submanifold Fn. In this paper we prove that:
(a) if m> 2kn, (Mm,Φ) bounds equivariantly;
(b) if m= 2kn, (Mm,Φ) is equivariantly cobordant to the twist on Fn × · · · × Fn (2k times).
This question was posed by C. Kosniowski and R.E. Stong twenty years ago, after they proved it
for k = 1.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The purpose of this paper is to prove
Theorem. Let (Mm,Φ) be a smooth (Z2)k action on a closed smooth m-dimensional
manifold with fixed set Fn being a connected n-dimensional submanifold. Then
(a) if m> 2kn, (M,Φ) bounds equivariantly;
(b) if m= 2kn, (M,Φ) is equivariantly cobordant to the action (F n × · · · × Fn, twist)
on the product of 2k copies of Fn which interchanges factors.
For k = 1, this result was proved by Kosniowski and Stong [1]. They suggested in [2,
p. 740] that the result was possible for all k, but that their methods were inadequate. The
proof is based on a new argument for the case k = 1 given in [5].
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In Section 2, the geometric results needed will be given. In Section 3, a characteristic
number calculation is given. Finally, Section 4 will complete the proof of the theorem and
technical improvements.
2. Geometric results
Let G= (Z2)k and let (Mm,Φ) be a smooth G action on a closed smooth manifold.
For each point p belonging to the fixed point set of G, G acts linearly on the tangent
space to M at p, giving a representation λp of G. Throughout this paper, one makes the
assumption:
Assumption. Assume that the representations λp for p in the fixed set of G are
independent of p. Let λ denote this common representation.
The fixed point set of G is then a closed smooth submanifold F of constant dimension
n, where n is the dimension of the trivial summand in λ.
The irreducible nontrivial representations of G are all one-dimensional and may be
described by homomorphisms ρ :G→ Z2 = {+1,−1} which are onto, and G acts on the
reals so that g ∈G acts as multiplication by ρ(g). The normal bundle ν of F in M then
decomposes under the action of G into the Whitney sum of the subbundles νρ , where νρ is
the part of ν on which G acts in the fibers as ρ. The dimension of the vector bundle νρ is
the number of copies of ρ occurring in the representation λ, and will be denoted nρ .
The fixed data of the action is (F, {νρ}), a closed manifold and a list of vector bundles
over it, which may be considered as an element of Nn(
∏
ρ 
=1 BO(nρ)), the bordism of
n-dimensional manifolds with a map into a product of classifying spaces BO(nρ) for nρ -
dimensional vector bundles. In [6], it was shown that the equivariant cobordism class of
(Mm,Φ) is determined by the bordism class of the fixed data.
Before proceeding to other matters, one has
Observation. A smooth action (Mm,Φ) is equivariantly cobordant to an action with
connected fixed point set if and only if it is equivariantly cobordant to an action with
λp independent of p.
Proof. An action with connected fixed set has λp independent of p by continuity of λp .
If (M,Φ) has the independence property and p, q belong to different components of F ,
one may choose neighborhoods Up and Uq of p and q equivariantly isomorphic to the
disc in λ, and form a new manifold (M ′,Φ ′) by removing the interiors of Up and Uq
from M and identifying the resulting boundary components ∂Up and ∂Uq (compatibly
with the action of G). This performs an equivariant surgery on (M,Φ), and (M ′,Φ ′) is
equivariantly cobordant to (M,Φ). For n = 0, (M ′,Φ ′) has two fewer fixed components
than did (M,Φ). For n > 0, (M ′,Φ ′) has one less fixed component, for one replaced the
components of p and q by their connected sum. By repeating this process one obtains an
action with connected fixed set equivariantly cobordant to (M,Φ). ✷
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Now, returning to the action (Mm,Φ) with λp = λ for all p, let ρ1 :G→ Z2 be one of
the nontrivial irreducible representations of G. The subgroup H ⊂G which is the kernel
of ρ1 is a subgroup of G isomorphic to (Z2)k−1. One may choose an element T ∈G with
ρ1(T ) 
= 1, so that G is H ×Z2 with the Z2 summand being generated by T .
The other nontrivial irreducible representations of G occur in pairs ρ′, ρ′′ which are
the same homomorphism on H , with ρ′(T )= 1 and ρ′′(T )=−1. One may consider the
nontrivial irreducible representations of H as being indexed by the homomorphisms ρ′ (of
course, the trivial representation of G and ρ1 form a similar pair, restricting to the trivial
representation of H ).
If one considers the restriction of (M,Φ) to the subgroup H , one may let F0 ⊂ M
be the subset of points fixed by H for which the representation at the point is given by
the restriction of λ to H (denoted λ|H ). F0 is of constant dimension n + nρ1 , and the
normal bundle of F0 in M decomposes as the Whitney sum of bundles ν0ρ′ for the nontrivial
irreducible representations ρ′ of H , with ν0
ρ′ having dimension nρ′ + nρ′′ .
The submanifold F0 ⊂M is invariant under the action of G, and the subbundles ν0ρ′ are
also invariant under G, with G acting by bundle maps covering the action of G on F0. Of
course, H acts trivially on F0, so one really has only the action of T on F0 as an involution,
and T acts as an involution on ν0
ρ′ by bundle maps covering the action on F0.
If one considers (F0, {ν0ρ′ }) as a manifold with a list of bundles together with their
involutions induced by T , one obtains a class in the equivariant bordism group
NZ2n+nρ1
(∏
ρ′
BO(nρ′ + nρ′′)
)
of a product of classifying spaces for bundles with involution.
Now consider the action of the involution T on (F0, {ν0ρ′ }). The fixed set of T acting on
F0 is precisely Fn, and the normal bundle of Fn in F0 is νρ1 . When restricted to Fn each
bundle ν0
ρ′ splits as the Whitney sum of subbundles on which T acts as +1 in the fibers
(i.e., νρ′ ) and on which T acts as −1 in the fibers (i.e., νρ′ ).
If one now removes from F0 the interior of an invariant tubular neighborhood U of Fn
one obtains a manifold with boundaryF1 = F 0− int(U) having boundary ∂U = S(νρ1) the
sphere bundle of νρ1 . On F1 the involution T is free, and the quotient F1/T is a manifold
with boundary
∂U
T
= S(νρ1)
(−1)
which is the real projective space bundle RP(νρ1). Considering the double cover F1 →
F1/T as a line bundle, there is a line bundle over F1/T which restricts on RP(νρ1) to the
line bundle of the double cover S(νρ1 )→ RP(νρ1), which will be denoted by ξ .
For each ρ′, the involution T acts freely on the total space of ν0
ρ′|F1 and the quotient
by T ,
(ν0
ρ′|F1)
T
→ F1
T
,
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is a vector bundle of dimension nρ′ + nρ′′ . Over the boundary ∂U = S(νρ1 ) the bundle ν0ρ′
restricts to the pullback of the bundle νρ′ ⊕ νρ′′ , and T acts as 1 in νρ′ and as −1 in νρ′′ .
Thus, over RP(νρ1) the bundle becomes νρ′ ⊕ (ξ ⊗ νρ′′).
Thus(
RP(νρ1), ξ, {νρ′ ⊕ (ξ ⊗ νρ′′ )}
)
,
the projective space bundle of νρ1 with its list of bundles, bounds a corresponding list of
bundles over F1/T . This may be considered in
Nn+nρ1−1
(
BO(1)×
∏
ρ′
BO(nρ′ + nρ′′ )
)
,
the bordism of classifying spaces for vector bundles.
Thus one has
Lemma. The projective space bundle RP(νρ1) with its standard line bundle ξ and bundles
νρ′ ⊕ (ξ ⊗ νρ′′) bounds as a manifold with a list of bundles.
3. Characteristic numbers
The goal of this section is to prove
Lemma. If the fixed data of (Mm,Φ) is (F n, νρ1 , {νρ′ , νρ′′ }) and
(a) nρ1 > n, then (F n, νρ1, {νρ′ , νρ′′ }) bounds;
(b) nρ1 = n, then (F n, νρ1 , {νρ′ , νρ′′ }) is cobordant to (F n, τ, {νρ′ , νρ′′ }), where τ is the
tangent bundle of Fn.
Proof. To prove this, one lets
W(Fn)= 1+w1 + · · · +wn
be the Stiefel–Whitney class of Fn and
W(νρ)= 1+ uρ1 + · · · + uρnρ
be the Stiefel–Whitney class of νρ for any ρ.
Letting c ∈H 1(RP(νρ1);Z2) be the first Stiefel–Whitney class of the line bundle ξ for
the double cover S(νρ1 )→ RP(νρ1), one knows that the Stiefel–Whitney class of RP(νρ1)
is
W
(
RP(νρ1)
)= (1+w1 + · · · +wn){(1+ c)nρ1 + uρ11 (1+ c)nρ1−1 + · · · + uρ1nρ1
}
,
the Stiefel–Whitney class of ξ is
W(ξ)= 1+ c,
and the Stiefel–Whitney class of the bundle νρ′ ⊕ (ξ ⊗ νρ′′ ) is
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W
(
νρ′ ⊕ (ξ ⊗ νρ′′ )
)
= (1+ uρ′1 + · · · + uρ′nρ′
){
(1+ c)nρ′′ + uρ′′1 (1+ c)nρ′′ −1 + · · · + uρ
′′
nρ′′
}
.
Because RP(νρ1) with its bundles is a boundary, any product of classes
wi
(
RP(νρ1)
)
, c, wj
(
νρ′ ⊕ (ξ ⊗ νρ′′)
)
gives a zero characteristic number for RP(νρ1).
One now defines new characteristic classes on RP(νρ1) which are polynomials in
wi
(
RP(νρ1)
)
, c, wj
(
νρ′ ⊕ (ξ ⊗ νρ′′)
)
.
Specifically, for any r , one lets
W [r] = W(RP(νρ1))
(1+ c)nρ1−r
and
Wρ′ [r] = W(νρ
′ ⊕ (ξ ⊗ νρ′′))
(1+ c)nρ′′−r
so that
W [r] = (1+w1 + · · · +wn)
{
(1+ c)r + uρ11 (1+ c)r−1 + · · · + uρ1nρ1 (1+ c)
r−nρ1 }
and
Wρ′ [r] =
(
1+ uρ′1 + · · · + uρ
′
nρ′
)
× {(1+ c)r + uρ′′1 (1+ c)r−1 + · · · + uρ′′nρ′′ (1+ c)r−nρ′′
}
.
One then has
W [r]2r =wrcr + terms with smaller c powers,
W [r]2r+1 = (wr+1 + uρ1r+1)cr + terms with smaller c powers,
W [r]2r+2 = uρ1r+1cr+1 + terms with smaller c powers.
To see these formulae, one notes that
(1+ c)r + uρ11 (1+ c)r−1 + · · · + uρ1r = cr + terms with smaller c powers
and every term in
u
ρ1
r+1(1+ c)r−1 + · · · + uρ1nρ1 (1+ c)
r−nρ1
has a factor of dimension at least r + 1 from H ∗(F n;Z2).
In exactly the same way, one has
Wρ′ [r]2r = uρ′r cr + terms with smaller c powers,
Wρ′ [r]2r+2 = uρ
′′
r+1c
r+1 + terms with smaller c powers.
For a sequence of integers ω = (i1, . . . , is), one lets |ω| = i1 + · · · + is , and for
u= 1+ u1 + · · · + up , one lets uω = ui1 . . .uis be the product of the classes ui .
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Then being given sequences ω = (i1, . . . , is) and ωρ = (iρ1 , . . . , iρsρ ) with
|ω| +
∑
ρ
|ωρ | = n
one may form the class
X =
∏
i∈ω
W [i]2i .
∏
i∈ωρ1
W [i − 1]2i .
∏
ρ′
{( ∏
i∈ωρ′
Wρ′ [i]2i
)
.
( ∏
i∈ωρ′′
Wρ′ [i − 1]2i
)}
.cnρ1−1−n
which is a characteristic class of RP(νρ1) of dimension n+nρ1 −1 provided nρ1 −1−n 0
or nρ1 > n. Then
X =wωuρ1ωρ1 .
∏
ρ′
uρ
′
ωρ′ .
∏
ρ′′
uρ
′′
ωρ′′ .c
nρ1−1 + terms with smaller powers of c.
Because H ∗(RP(νρ1);Z2) is the free H ∗(F n;Z2) module on
1, c, . . . , cnρ1−1,
it follows that
wωu
ρ1
ωρ1
.
∏
ρ′
uρ
′
ωρ′ .
∏
ρ′′
uρ
′′
ωρ′′ [Fn] =X
[
RP(νρ1)
]= 0.
Thus, if nρ1 > n, every characteristic number of Fn with its list of bundles is zero, and
(F n, νρ1 , {νρ′ , νρ′′ }) bounds. This gives part (a) of the lemma.
For nρ1 = n, let ω= (i1, . . . , is) and ωρ = (iρ1 , . . . , iρsρ ) with
|ω| +
∑
|ωρ | + r = n
and form the class
Y =
∏
i∈ω
W [i]2i .
∏
i∈ωρ1
W [i − 1]2i .
∏
ρ′
{( ∏
i∈ωρ′
Wρ′ [i]2i
)
.
( ∏
i∈ωρ′′
Wρ′ [i − 1]2i
)}
.W [r − 1]2r−1.
This is a characteristic class of RP(νρ1) of dimension
2n− 1= n+ nρ1 − 1
and has the form
Y =wωuρ1ωρ1 .
∏
ρ′
uρ
′
ωρ′ .
∏
ρ′′
uρ
′′
ωρ′′ .(wr + uρ1r )cn−1 + terms with smaller powers of c.
Thus
wωu
ρ1
ωρ1
.
∏
ρ′
uρ
′
ωρ′ .
∏
ρ′′
uρ
′′
ωρ′′ (wr + uρ1r )[Fn] = Y
[
RP(νρ1)
]= 0
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or
wωu
ρ1
r u
ρ1
ωρ1
.
∏
uρ
′
ωρ′ .
∏
uρ
′′
ωρ′′ [Fn] =wωwruρ1ωρ1 .
∏
uρ
′
ωρ′ .
∏
uρ
′′
ωρ′′ [Fn].
This says any class uρ1r in a characteristic number of (F n, νρ1 , {νρ′ , νρ′′ }) may
be replaced by wr without changing the value of the characteristic number. Thus
{Fn, νρ1 , {νρ′ , νρ′′ }) is cobordant to (F n, τ, {νρ′ , νρ′′ }). This gives part (b) of the lemma. ✷
4. Results and comments
One now has
Theorem. Let (Mm,Φ) be a smooth G action on a closed smooth m-dimensional
manifold with the representations at the fixed points of G being independent of the point.
Let Fn be the fixed set of the action. Then
(a) if m> 2kn, (M,Φ) bounds equivariantly;
(b) if m= 2kn, (M,Φ) is equivariantly cobordant to the action (F n × · · · × Fn, twist)
on the product of 2k copies of Fn.
Proof. For m > 2kn, m = n+∑nρ gives nρ1 > n for some ρ1. Thus by part (a) of the
previous lemma the fixed data of the action bounds and (M,Φ) bounds. For m = 2kn,
the action (F n × · · · × Fn, twist) has fixed set Fn and each bundle νρ = τ . Letting λ be
the representation at fixed points of M , one has m = n +∑nρ . If each nρ is equal to
n, then by applying part (b) of the lemma 2k − 1 times one concludes that (F n, {νρ})
is cobordant to (F n, {τ }) and (M,Φ) is equivariantly cobordant to the twist involution.
If some nρ 
= n, then there is a ρ1 for which nρ1 > n, and again by the lemma (M,Φ)
bounds equivariantly. Because (M,Φ) bounds, Fn bounds as a manifold and the action
(F n × · · · × Fn, twist) bounds equivariantly. Thus (M,Φ) is cobordant to the twist action
since both are boundaries. ✷
Comments.
(1) As has been noted, this gives the result stated in the introduction, for if Fn is
connected the representations are independent of the fixed point.
(2) The same analysis applies to a manifold (Mm,Φ) with G action and a list of bundles
{ξi,Φi} with G action by bundle maps covering Φ . One either needs to assume
that Fn is connected or that in each bundle ξi the representation of G at the fixed
points is independent of the point. This simply adds more bundles to the list of
pairs {νρ′ , νρ′′ }. For the representations 1 and ρ1 the bundles (ξi)1 and (ξi)ρ1 form
such a pair. The lemmas show that if any nρ > n then (M,Φ) together with the
bundles {ξi ,Φi} bound equivariantly, and in particular this holds for m> 2kn. For
m= 2kn, with all nρ = n, all of the bundles νρ may be taken to be τ up to equivariant
cobordism. However, there may not be equivariant bundles over Fn × · · · × Fn
cobordant to the ξi . The most one can describe is the class of the fixed set of the
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group H = ker(ρ1) as Z2 space with bundles. This is the case even for k = 1, where
(M,Φ) with bundles is cobordant to RP(τ ⊕ 1) with an appropriate action and list
of bundles constructed from the (ξi)ρ . (See [3].)
(3) For m < 2kn, one also obtains that (Mm,Φ) bounds if there is any nρ > n, and
that if nρ = n for some ρ then νρ may be replaced (up to equivariant cobordism)
by τ . This can be done to replace the bundles νρ simultaneously. In particular, if
F = RP2n′ is an even dimensional projective space, then up to cobordism the fixed
data is (RP2n′ , {νρ}), where each νρ is either τ or the trivial 0-dimensional bundle.
(See [4].)
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